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Weak Convergence of Equity Derivatives Pricing with Default 


Risk * 

Gaoxiu Qiao ^ and Qiang Yao ^ 

Abstract This paper presents a discrete-time equity derivatives pricing model with default risk in a 
no-arbitrage framework. Using the equity-credit reduced form approach where default intensity mainly 
depends on the firm’s equity value, we deduce the Arrow-Debreu state prices and the explicit pricing 
result in discrete time after embedding default risk in the pricing model. We prove that the discrete¬ 
time defaultable equity derivatives pricing has convergence stability, and it converges weakly to the 
continuous-time pricing results. 
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1 Introduction 

Default risk is the risk that the agents cannot fulfill their obligations in the contracts. The reduced 
form approach has become a standard tool for modeling default risk. It considers the default to be an 
exogenously specified jump process, and derives the default probability as the instantaneous likelihood of 
default, see, for example, Jarrow and Turnbull Dufhe and Singleton [7] , Lando [12] . The default time 
is usually defined as the first jump time of a Cox process with a given intensity (hazard rate). Hence, 
these models are frequently called intensity models. 

Recently, an alternative model named equity-credit market approach has emerged. It assumes that the 
default intensity depends on the firm’s equity value(stock prices) and allows the stock price to jump to 
zero at the time of default. It has both reduced form and structural features. Default risk is incorporated 
in this equity modeling approach by assuming that the stock price St at time t can jump to zero with an 
intensity, which is assumed to be a function of St- The models described above are all continuous-time 
models, they are widely used to model default risk. 

However, continuous-time models are often too complicated to handle, it is necessary to deduce 
discrete-time models and show that the pricing processes converge to the continuous-time models. This 
is not a trivial job, since weak convergence, by its nature, is not tied to a single probability space. Some 
authors have presented different discrete-time models for derivatives pricing and have established some 
weak convergence results. See, for example, Cox, Ross and Rubinstein |S], He |5], Dufhe and Protter |5], 
Nieuwenhuis and Vellekoop m , etc. 

In this paper, our aim is to present a discrete-time equity derivatives pricing model with default 
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risk in a no-arbitrage framework, and prove that the pricing in discrete-time converges weakly to the 
continuous-time pricing results. In comparison, our method is different from Nieuwenhuis and Vellekoop 
m- Following the discrete framework of He [5] and equity-credit market approach presented in [5] , we 
describe the discrete-time pricing model in a no-arbitrage framework. After embedding default risk, we 
deduce the Arrow-Debreu state prices and the explicit pricing result in discrete time. In order to prove 
the weak convergence of pricing processes, several auxiliary results are presented. 

The paper is organized as follows: In section 2, we introduce the continuous-time model using equity- 
credit reduce-from approach; In section 3, we illustrate a discrete-time model of the equity derivatives 
pricing with default risk; In section 4, weak convergence of equity derivatives pricing with default risk 
from discrete-time to continuous-time pricing is proved; Finally, in section 5, we summarize the article 
and make concluding remarks. 

2 The continuous—time model 

We first recall the continuous-time defaultable contingent claims pricing model. Given a probability space 
(H, P), T is a strictly positive real number which represents the final date, {uit)o<t<T is a Brownian 

motion. Let Ft = a{uJs,s < t) for t > 0. We suppose Ft C F for all t, and P is the real-world probability. 
Furthermore, we denote by “=>” weak convergence from now on. 

A default event occurs at a random time r, where r is a non-negative random variable. The default 
process is defined as Nt = l{r<t}, and Ht = cri^s,s < t), the filtration H is used to describe the 
information about default time, where 'H = IJ 'Hf Ft any time t, the agent’s information on the 

0<t<T 

securities prices and default time is Gt=Ft\/ 'Ht and the agent knows whether or not the default has 
appeared. Hence, the default time t is a G stopping time where G = U Gt- fact, G is the smallest 

0<t<T 

filtration which contains F and allows r to be a stopping time. Assume that the pre-default stock price 
St has the following dynamics 

dSt = {b{St) + XiStF)St)dt + a{St,t)StduJt, So > 0. (2.1) 

Here we assume that b{x) is continuous, a{S, t) is a positively bounded and nonsingular Borel-measurable 
function. In particular we have that <j{S,t) > cr for some positive constant cr, X{S,t) is a nonnegative, 
bounded, continuous, P-progressively measurable and integrable function. The functions b{S), X{S,t)S 
and a{S,t)S are Lipschitz continuous in S', uniformly in t. 

The bond price Bt satisfies dBt = Btr{St)dt and Bq = 1, where r{x) is a nonnegative continuous 
function, representing the riskyless interest rate. Suppose there exists a constant K > 0 such that 
|a;^r(a;)| < Ar(l -I- x^). 

There exists a G equivalent martingale measure Q* which is defined as dQ*\j^^ = ^tdP\j^t, where ^t is 
the Radon-Nikodj/m density satisfying 


d^t = itO{St)doJt, Co = 1. (2.2) 

Here 9{x) = —a{x)~^{b{x) — r{x)x). Define Wt via dWt = diot — 9{St)dt, then Wt is a Brownian motion 
with respect to F, and under the changed measure 

dSt = St[{r{St) + X{St,t))dt + a{St,t)dWt], So > 0. (2.3) 

Define Gt = Q*{t > t \ Ft), Fj A —inG*. We call F* the F hazard process of t. For the detailed 
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properties, one can refer to Bielecki and Rutkowski [5]. 

Let g{-) : M ^ M he a square integrable and measurable function, the equity derivatives are defined 
to be securities that pay giSr) dollars on the final date. This formulation subsumes all of the usual 
examples, such as the European options, convertible bonds and so on. The prices of equity derivatives 
at time t are 






9{St) 



(2.4) 


Poisson process with stochastic intensity is called Cox process. Given X{Su,u), denote by {Ct} the 
Poisson process with intensity Ct = X{Su,u)du. Then {Ct} is a Cox process. Following the equity- 
credit market models, the canonical construction of default time r under the Cox process {Ct} is defined 
as r = inf{t > 0 : C* > 0}, where 0 ^ Exp{l) and is independent of B under Q*. Then 


Q*(t >t\Tt) = Q*(e > Ct I Tt) = 


It is easy to see that under this condition, the default time is the first jump time of the Cox process, 
the XF hazard process of r satisfies 

Vt = - In Q*(t >t\Tt) = -lnQ*(0 > Ct \ Tt) = Cf 

Let A denote the bankruptcy state when the firm defaults at time r. Then we can also write the 
dynamics for the stock price subject to bankruptcy as follows: 

= S^[r{St)dt + a{St,t)dWt - dMt], 

where Mt = Nt — A(5'„, u)du, and Mt is a martingale. Moreover, referred to Hypothesis (H) in 

Blanchet-Scalliet and Jeanblanc [J]: all J^-martingales are C/-martingales. It implies that the J^-Brownian 
motion Wt remains a Brownian motion under the extended probability measure Q* and with respect to 
the enlarged filtration Q and is independent of Mt. 

Then we have 


V{St,t) = l{T>t}EQ. 


= - irs+Xs)ds 


9{St) 


Tt 


Here we write at = a{St), rt = r{St), Xt = X{St,t) for simplicity. We can obtain the following result. 


Lemma 2.1. Let Y{St,t) =Eq^ f e" 




. Then it satisfies 


dY alS^ d'^Y ^ r X n 


(2.5) 


Proof. Let Y{St,t) = Bq* 


CrgiSr) 

Bt 


Tt 


. It can be regarded as the discount price of contingent claim 


Gt9{St) at time t, then it is XF martingale. By ltd's formula, 


dY a^S^ d'^Y , , ,c^dY ^ 


Since Y{St,t) = e -fo t), (12.51) is proved after using ltd's formula again. 


□ 
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3 Discrete—time model in the defaultable market 


For simplicity, the time horizon is assumed to be [0,1] and divided into n steps, the length of every step 
is 1/n. For k = 1,2,-•• ,n, let be a random variable on the probability space 12 = {uji,uj 2 }- For 
example, set e^(wi) = 1, £^(^ 2 ) = —1, and P({a;i}) = P({a; 2 }) = 

n n 

^ , 

Let rin = nxnx---xn = {wi, ^ 2 }"', Pn = P X P X ■■ X P- Then Pn is the probability measures 
dehned on 0,^, representing the real-world probability, Pn is the filtration generated by e^, fc = 1,..., n, 
{e^, £^,..., e"} is a sequence of independent and identically distributed random vectors defined on 
{Cln.Pn, Pn}- 

There are two financial assets in the market: stock and bond. Since the increment of Brownian 
motion can be approximated by a sequence of independent and identically distributed random variables, 
the pre-default stock prices and bond prices can be written as 


on _ ok 


TDn _ Tpn 

^k+1 — ^k 




y/n 


n^k+l 


S n o 

0 ~ ‘^0- 


i-f 


riS}}) 


K = 1- 


Here S}}, denote the stock prices and bond prices at time ^ respectively. Let 5” = = B'^^y 

Then 5", are Markov processes and have jumps only at time Moreover 5" can be expressed as 
follows 


= ^0 


b{s-) + Xjsr, ^ 


2=0 


2=0 


\/n 


[nt] — 1 




^ 0 + / {b{s:,u) + xis:,u)s:)du+ 

■Jo ^ 




Similarly, 


b: = Bo 


2=0 


[nt] 


= Bn 


n 


r{S':,)Kdu. 


The above discrete framework is employed in He |9] where he assumes the stock prices satisfying 
7r(a;i; -I- 7r(w2; <S'^)-S'^+i(w 2 ) = <5'^, where 7r(ws;S'^)(s = 1,2) are considered as the Arrow- 

Debreu state prices and the discount stock prices are martingale. He |9] gives the result that there exists 
unique equivalent martingale measure Qn in discrete-time defaultable market, and dQn = ^ndPn, where 
Q = 2'^'k^B'^, is defined as the product of Arrow-Debreu state prices from 0 to k, the default-free 

discrete-time market is complete. Let then ^ - '“i— ^ £^~*~^. 

2=0 ^ 

Suppose default occurs at random time r„, where is a non-negative random variable. The default 
process is defined as NJX = a filtration < i < k) and "H” is used to describe the 

information about default time. At time the agent’s information on the prices and on the default time 
is V 'K^. Hence, the default time t„ is a t/" stopping time where t/" = {GJ},0 < k < n}. 

From Blanchet-Scalliet and Jeanblanc [4], if the defaultfree market is complete and arbitrage-free, the 
defaultable market is arbitrage-free, then there exists an equivalent martingale measure Q* in t/”-market. 

Definition 3.1. For any 0 < k < n, Let Q* (t„ = 0) = 0, > -1) > 0. We write FJX = < 

I I P]^), Gl = l-F^ = QUrn > ^ I J-fc”). Suppose FJ} < 1, Let F^ 4 - InG^ = - ln(l - F,") is called 
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the hazard process of under Q’^. 

Several properties in the continuous-time model still hold here, such as (F^) is nonnegative bounded 
submartingale, is increasing, and is a martingale, the detailed properties can refer 

to g]. 

Assume the Cox process is defined via intensity Ct — Jq u)du, 0 is the random variable with 
an exponential law of parameter 1, which is independent of F" under Q*, then we can give the canonical 
construction of r„, Tn '■ —t [0,T],t„ = inf > 0; (7[nti > ©j. Therefore, 


Q 


M 



= g:(0>C[^ 




The J"” hazard process r„ satisfy 


r 


n 

k 


InQ: 



TTl 
*/ I 


=-lnQ:(0>(7i 



Moreover, 


- fc+i 


— If 


A(^:,n)dw = r^ + 




Define T” = Fj^jj, then F" is a sequence of Markov process on probability space(ff„, J"”, Q*) with sample 
path in Djr[ 0, 1] and 


-pn _ 

^ t — 


[nt] 1 A / Qf 
2=0 


n 


x{s:,u)du, 


F^=0. 


Although and r are defined in different probability spaces, the canonical construction provides us a 
feasible way to prove the weak convergence of the default process which will be shown in the next section. 
Define auxiliary discount process 


fe-i 




2 = 0 


then we have — = = (^1 + — J exp J. where n = (re + A.) +-+ o - 

IFere we write Vk = t{S'^) and \k = A(5'^) for simplicity. Suppose the equity prices and bond prices 
satisfy 

f (cci; = S^, n(u;p, = B^. 

Solve the above two equations, we get 7r(uJs;SJ}) ~ ^ + ^(^) gfc+i^ . Set 

k = l,2,...,n = 1. 

Since 0 is bounded, for n large enough, tt is non-negative. Then 


7r(uJi; Sk) + ^(oj2', Sk) — ( 1 + 


rk 


nn~n on r>n 

sfc ‘^k l^k ^k ^k ■ 
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The price of defaultable contingent claims g(S^) at time ^ is 






•pr? 
*/ Ir 


(3.1) 


■pr. 


. Then the following equation holds: 


Lemma 3.1. Let ¥„ (S^, A) = Eq„ 

r„ + ii(co 2 ; (^^+1(^02), f) • 

Proof. Since Vn (S^, p) is a J"" martingale, then we have 


(3.2) 


r„ ( s^, - ) = Eq„ 


rn 


k + 1 


n 


('+-)' 

-pn 

k 

V n) 



=IEp 


^fc+i 


rn 


k + 1 


)(i + h)" 

n 

= lEp^ 

/ V n ) 




o^n T:>n 

^^k + l-^k + l^^ I c-l 

.nnn \ ‘^fe+1’ 




fc + i\ 1 


n 


+ :^ 1- 




k + 1 


1 + 


Tk 


-1 


h 


y/n 


rk 


1+f F„ ^fc"+i(^2) 


/c + 1 


fc + 1 


=if(c^i;5fe")y„ ^fc\i(a;i), ^ + ^{^ 2 ; SJ1)Y^ S^+,{uj2) 


Therefore, (IX^ is proved. 


k + 1 


□ 


We can conclude that 7r(-; S'(() can be regarded as the discrete-time Arrow-Debreu state prices in the 
defaultable market. 


4 The main result: Weak Convergence 

In this section, we will prove the weak convergence of pricing process for defaultable equity derivatives 
under the above model. Firstly, we introduce infinite dimensional multiplicative probability space — 

00 

^- 

n X n X • • • X n, then is a subspace of n^v- From the infinite multiply probability existence theorem, 
there exists a unique probability measure P satisfying condition: P{Ax ri^v\/„) = Qn(A), where A S 
In = {1,2,...,n}. 

He [ 9 ] proves the weak convergence of Markov process vector including equity prices, bond prices, 
Radon-Nikodym density. Now we extend this result in the defaultable market. Combining Martingale 
central limit theorem developed by Ethier and Kurtz [S] (Page 354), we get a similar result. 

Lemma 4.1. For any t G [0,1], let Zp = (Sr,Bp,ip,t^), Zt = (5*, H*, 6, T*)- Then 

Z^ => Z. as n —>■ 00 . 

Recall the definition of r„ and r, the following conclusion holds. 

Lemma 4.2. For t G [0,1], let X„(t) = 1^^ X(t) = l{r>t}- Then 2f„(-) => A(-). 

Proof. For any t G [0,1], we have supEp [|X„(t)|] = supEg^ [|X„(t)|] < 1 < 00 . Therefore, 


limsupEp [|X„(t)|] 

lim limsupP(|A„(t)| > C) < lim — - -—-= 0. 

C —^00 Yi C*—^00 \_x 
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So {X„(t)}is tight for any t G [0,1]. 

Choose sequences {a„} and {^n} satisfying the following: for all n, an is a stopping time with respect 
to the a filtration which is generated by the process {Xn{t) : 0 < t < 1}, and has only finite value; 6n 
is a constant and 0 < < 1. Moreover (5^ —>■ 0, as n —>■ oo. 


^i\Xn{o^n “t” ^n) ^n(Q^n)| ^ — Qni\Xn{^n “t” ^n) ^n(^n)| ^ 


1Eq„ [\Xn{0-n + ^n) ~ Xn{an)'^ < 

1 






= -^Qn 


E, 


'Qn 




xz. 


-E, 


Qn 




J-f 


[nan+n5n] 


exp( 6Xp( ) 


[nan] —1 


exp 


- E 


Hs?) 


[nan+?^<5n] —1 


1 - exp - ^ 


A(5r 


2=0 


C 6ri —^ 0 3/S 


[nan+n5n]-l 

Since X{S,t) is a nonnegative bounded continuous function, we have - — 

i—[noLn] 

/ [7i an]- l 

n —>■ oo, where C is a fixed constant. Together with the fact that exp — - — < 1, we have 

V i=0 ” / 

/V p 

P{\Xn{an + Sn) — X„(a„)\ > e) —>■ 0, that is, Xn(an + i5„) — X„(q;„) —>■ 0 as n —>■ oo. By the criterion 
of Aldous [U (Page 1), {Ar„(-)} is tight in I?iR[0,1]. 

WehaveA:„(t) = = l{e>C[^} = l{e>f"} and AT(t) = l{r>t} = l{e>Ct} = l{e>ra for any 

t G [0,1]. Since P" => P as n tends to infinity, we have Eq^ —>■ EQ[e™^^*^] as n tends to infinity. 

According to the dominated convergence theorem, for any ■ ■ ■ ,tm G [0,1], ui,..., Um S M, 


Ec 


JT.T=i ujX„{tj) 


Ec 


JT,T=i 


Therefore, {Xn} is tight, and their finite dimensional distribution converges. From Ethier and Kurtz 
(Page 131), {Xn} converges weakly to AT . □ 


Lemma 4.3. For any integers l,m, k > 0, I < k < n, there exists a constant C > 0, depending on m 
(large enough), such that Eq„ \ < C{1 + [S'o]^'"). 

Next we prove the weak convergence of the second part in the equation of defaultable contingent 
claims prices, following a similar argument to the main theorem of He [S]. 

Lemma 4.4. For any t G [0,1], let 


Y{t)^Y{St,t)=EQ 


BTC^r 


giSr) 



Yn{t) ^ Yn 





R" Xfn 
BUe^’^ 


-ffiSC) 


n 


nt] 


Suppose that Y is continuously differentiable up to the third order and that Y and all of its derivatives 
up to the third order satisfy a polynomial growth condition. Then Yn(-) ^ F(-) as n tends to infinity. 

Remark. We get the idea of the proofs of Lemma |43] and Lemma l4^ from He [9], but the results in 
our paper are rather different from them. In Lemma 14.31 we give the inequality for a more general case. 
In Lemma 14.41 we prove that e” converges to zero in the sense of almost everywhere. 

Then combine Lemma 14.21 and Lemma 14.41 we obtain the main result. 
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Theorem 4.1. Suppose g{-) is M ^ M square integrable measurable function. Let 

^)’ ^('^*>^) satisfy i2.4\) and il3.il) respectively. Then we have 

^ y(S'.,-), as n^oo. 


Proof. Clearly, we have P" = Xn{t)Yn(t) and V{St,t) = X{t)Y{t). By Lemma Yn con¬ 

verges weakly to Y, then Yn is relatively tight. Since M is separable and {JR, d) is complete, then D]ii[0, 1] 
is separable, it follows that {T„} is tight. 

By Lemma [4^ {Xn} is tight, together with the fact that Y{t) = Y{St,t) is continuous with respect 
to t, then {{Xn,Yn)} is tight according to Jacod-Shiryaev [TU] (Page 353). 

Next, we only need to prove the convergence of their finite dimension distribution. That is, for any 

Ui, . . . , Uni € JR, . . . , Vni € JR, 


Er 


b (ij l + fj I'n (ij )) 


Ec 




oo. 


(4.1) 


From Lemma 4.2 and Lemma 4.4, we can obtain the convergence of the finite dimension distribution 
of {Xn}, {Yn}. Moreover, X„(<) and Yn(t) are measurable with respect to Ht and Xt respectively, and 
Xn{t), Yn{t) are independent, (14.1|) holds clearly. Then (X„,F„) => {X,Y) as oo. 

Let f{Xn{t)Yn{t)) = Xn{t)Yn{t), where / is a continuous function that maps Xn{t), Yn{t) from 
I1 k[0, 1] X I1r[ 0, 1] to D][i[{), 1]. By continuous mapping theorem(Ethier-Kurtz [8], p.354), X„(-)y„(-) 
N'(-)F(-) as n —>• oo. □ 


In the following, we give the details of proofs of Lemma 4.1, 4.3 and 4.4. For simplicity, we write 
h{S}}) = bu, XiSn,u) = Xu, f7(S") = (7u, d(Su) = 6u in the proof. 

Proof of Lemma 14.11 dTt = X{St,t)dt. Since &(•), X{-)S, (j{-)S satisfy the Lipschitz condition, 
therefore (12.11) has a unique solution, which implies that (12.21) , (12.3p also have unique solutions respectively. 
Since {aS"}, {B"}, {^"} and {F"} are processes that are right continuous with left limits, hence {Z'^} 
is a sequence of Markov process vectors with sample path in i4jfj4[0,1], where Br4 [0, 1] is the space of 
functions from [0,1] to JR'^, right continuous with left limits. Denote L" and T" by 


L7 = 


^ fo" + ^uSu)du 
fo~ rJjyu 
0 

Jq" Xudu 


f lo 


An _ 
! — 


■* a^^du 0 

0 0 

CTuSOuiudu 0 

0 0 


/c 


OuSOuiudu 0 \ 
0 0 

0 i^uiu)^du 0 

0 0 y 


, [rit] 


Then {L"}, {X^} are 4x1 and 4 x 4(symmetric)matrix valued process respectively, and each of their 
elements has a sample path in I1 r[ 0, 1]. Moreover, A}} — is non-negative definite for t > s > 0. Define 


:= inf{t < T : \Z}^\ > q or \Zy > q}. 


Next, we prove the four conditions for martingale central limit theorem holds, 
(a) It is directly from Zq = Zq = {So,Bo,^o,0). 

/ c I ^i+1 \ 

*0 + 2^i=0 ^ 


(b) Mj" = Z^-L^ = 


=0 yn 

Bo 

c I v^Dd-i SIS'")?." 
4o + {Li=o ^ £ 

0 














Let Nk = So + Ei=o Clearly^ 


EgJNk+i-Nk I 5 ^]=Eq„ 




k k+1 


\/n 


on 

Dh. 




Eq„[^"+' I ^fe] = o. 


\/n 


So Nh are martinffales. By the same arguments, MI^ and are also martingales. 

n V" ' 


(c) zr - = 


V 


^('^fc'-i)^fc-i 

y/n 

KSl-i) 




t = 


^ <t < 


k+1 


By the definition of r^, when t < 
convergence theorem, we have lim E„ 


Z" —< 2(7, and |Z" —is of order i. By the dominated 
= 0. Then using the same argument, we can 


sup \Z^ - Z-S 


KtS 


get lim E„ 

sup|Lr-Lr-P 

— 0 and lim E„ 

snp|Ar-Ar_| 

n—^oo 

t<T^ 

n—^oo 

t<Tg 


= 0 . 


(d) For all q > 0, we have 


L7- 


( ll[h[Sl) + \(Sl)Sl)du \ 
J*r{S:)B:du 
0 

V foMs:)du 


riS^)B^ (t - M) 
0 

V A( 5 r)(i-^) 


where — < t < and the above equation equals to zero when t = —. Therefore, 


Qn 

sup 

L'i- fb{x:)ds 

> e 


t<r^ 

Jo 



Er 


< 


SUPt<^5 


- jlb{X-^)ds 


We can easily prove that lim P 

n—^oo 


sup 

L^- fb{x:)ds 

> e 

t<r^ 

Jo 



= 0 as n tends to infinity as desired. □ 
Proof of Lemma 14.31 Applying Taylor’s expansion to the function we obtain 


r l 2 m 
Pfc+lJ 

- Sn + m(2m - - S^f 

+ 2m[SlY^-^ (+ m{2m - l)[5^]2™-2 f ^ ^.fc+i 


where 


S^ = S^ + f3 


y/n 

m) , zi^^k+i 


y/n 


, / 3 g[ 0 , 1 ]. 
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Moreover, 


= Ep„ 


= Ep„ 


.+1 

^kPk 


■rn 

*r ^ 


1 + ) ^fc+i 

^fn 


n 


Then 


Notice that 


and 


1/ d(5,")\ 1/ 

2'v v^y' 2'v v^y v^' 


^ r fe+i I _^„n ^ h^\S ^ ^ ^ (r + A)^ ^ 

n ^Jn " ^ ^ n n n 


l^fcl<l^fcl + |fe| + |A5| + |a^|, |£'=+i| = l 


X 


„2m-2 < ^ ^2m^ y^m < 2’"(x™ + J/™), X^r{x) < K{1 + X^) 

when x,y > 0. Taking the conditional expectation with respect to TJ} under (5„, we have 


Eq„ [[^fc”+i]"™ I-^fcl < + 2m[^fc"]2—1 

m{2m — 1) 


k + A||^| A 

n 1 


+ - 


(l^^l + \b\ + |A^| + \aS\Y^-^ (|6| + |A^| + |a^|)^. 


Given the conditions on b, AS', crS, we can find a constant K' > 0, such that for any x G R, 

\b{x)\ < K'{1 + |a;|), |A(a:)x| < K'{1 + |x|), \a{x)x\ < K'{1 + |x|), \b{x)\'^ < K'{\ + x^), 

|A(x)xp < K'{1 + x^), \(7{x)x'^ < K'{1 + x^), and \x‘^r{x)\ < K'{1 + x^). 

Hence we can obtain 


eq„ I -Ffc-; 


< 1‘^fc 


2mK' 


9K''^m{2m — 1) 


„i2m ^^ 2[S^]2"^) +-^- ’-{SK' + (1 + 3K')[S^]Y^-^{1 + [S^Y) 


n 


^ 1‘^fc 


2mK' 


9(2 + 6X') w(2to- 1) 


„l2m ^ _^(1 + 2[S^]2”^) + ^ ^ -^(1 + [S^]2”^-2)(l + [S^Y) 


< K/n+{l + K/n)il + [S’^Yn, 

and furthermore, Eq„[[S^]2’" | J-,"] < (1 + + [SJ^Y"") < A{1 + [Sl^Y""), where K depends on 

K' and m, 0 < I < k, and A = sup(l + K/nY~K 

n 

BV 


Since Eq„ [Sfc”+i | T^] > Eq„ 


on 

k-\-l 


fe+1 


-pn 
•J h 


= S^, we can get that (S^) is a submartingale. 


Moreover, (p{x) = is a convex and increasing function in and (S^) is nonnegative. By Jensen’s 
inequality, we have Eq„| TJ!] > EQ„[Sfc+i | R^Y"^ ^ It is easy to see that {{S^Y^) 
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is a submartingale. By submartingale inequality, we have 


I -Fr] < A(i+ eq„ [ sup < A(i + 

0<t<T 


f 2m 


\2m — 1 


2m 

^QAiSrn 


< A{1 + 


2m 

2m — 1 


2m 

^(1 + (5^)"”^)]) < C{1 + 


where C is large enough, and = S^. □ 

Proof of Lemma 14.41 By Lemma im Z" converges weakly to Z, Y is a continuous function of Z". 
Applying continuous mapping theorem, we get 

F ( 5 ”,-^^) ^ y(S'.,-), n^oo. (4.2) 

Since = Y ^5", — g", where e" = F — Yn ^-5”, ^ we need only prove 

that the stochastic process e" converges weakly to zero. 

Let “+” and ” denote the states = 1 and = —1 respectively, and define = S^_^_l{uJl), 
We define two functions as follows. 


= Y(s^+t(s^+, - sn,ti + - ti)\ fAAt) = y(s^+- sn,ti + - r,)), 


Let 


dY 


dY 


dS dt 


d^Y 


= Fss, 


92 F 

'W 


= Yu 


d'^Y 

dSdt 


= Yst, Y{S^,-\= Ffc. 


Then by Taylor’s expansion, 


/+(!) = /+(0) + /+(0) + -/+(0) + i?^ 


= Ffc + Fs(5”+ - Sn + + ^Fss(5”+ - + ^Yu + Yst^{SlX, - + K, 

where f?fc = - / (1 — s)^/|^^(s)ds. The expression of /-(I) is similar to /+(!) with replaced by 

2 Jo 

5'^+i- By denoting the remaining terms by we have 


it(+;5,")/+(l) + it(-;5,")/_(l) 


= ( 1 + — 
n 


Ffc 


Ak + Xk)SkYs + Yf / {bk + XkSkA + 2(bk + XkSk)o'k0kSk ^k^, 


2n2 


fc^fc 

2n 


Yss 


, 1 W , i'rk + Xk)Sk^^ 


Ik- 


By Lemma [2.11 the above equation equals to 


1 + — 
n 


-1 


rk 


1 + 


-1 


+ Xk 


Yk 


{bk + XkSkA + 2{bk + XkSk)<7kdkSk Yu (ffe + Afc)S'(( 


2n2 


2n2 


Yst 


= Yk- 1 + ^ -^rn SJ^,- - 7 ^ 




n 
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where 7 ^ = -^(+; S'^)Rl - and 

( nn ( i^k + AfeS'fc)^ + 2{bk + XkSk)o'kOkSk ^ ^k)S^ \ f “^TkXk f 1 

- (v-2^^^-+ +-2-+ ^ 

Hence we obtain the following recurrent equation for e^, 

k + 1 


el = ii(+;5,")F(^5”+,. 


+ ii(-;5,")y + fl + -) - 

\ ^ n ) \ n j \ n 

A: + 1 






n+ 

fc+1’ 


fc +1 


— 7r(+; + 7r(—; + [ 1+ 

By the definition of 7r(-; 5^), we obtain 


\ ^ 1 1 

( ^ k\ 


f on \ 

1 ‘^/c ? “ 1 

J rP- ' 

^ nj 


= Er 


-fc+1 


Tk 

1 + — 
n 


-1 


rrn 
■I h 


+ ( 1 + —^ —mfsi,— ]+jl. 

' n J \ n ' 


Since e” = r(S'”,l) - H„(S'”,1) = g(Sl) - g(Sl) = 0, we get 




n—1 




_ i—k 


^i+1 


-pn 
J h 


By the assumption that Y and its derivative satisfy linear increasing condition, there exists constants 


Cl > 0 and q, such that 


on 

/) 


<ci(i + |5rp9). 


By Lemma lOl ioi k < i < n there exists constant C > 0 large enough such that Eq^ [|<5'f | J-^] < C(1 + IS'oP'^). 

Therefore, 


Er 


n— 1 ^ 

^ ^ ^ ^ ( on ^ \ k'k 


_ i—k 
n — 1 


SI, - 


nj PI 


^+1 


pn 
•J ^ 


n—1 




i—k 


ml 5^,- 


pn 
•J ^ 


n—1 


E + 1‘^rP^) I ^k] < 4 E + ^(1 + i^oi'^))- 


i—k 


i—k 


For the second part we can also write out the expressions of '^(s), /_ {s), they are of order n~^, 
by analogous argument we can choose q large enough and constant D > 0 satisfying 


Ec 


E 

_ i—k 




nyk 


PI 


on 

Ou 


D 


< [I+ \Sl\‘^o). 
Vn 


C 

Then we can choose C large enough which depends on q, k and n, such that \el\ < —^(1 + |5'oP'^)- So 


/ ~ - o \ C 1+ sup 

p( ,up |gi>d<pfsup + fo I 0.7.' C 

Vo<t<i / \o<t<i \/n / ey/n 


as n —>■ 00 . Therefore, sup |e"| —>■ 0 as n —>■ 00 , which means that e" converges to zero almost surely, 

0<t<l 

that is, e" => 0. Combined with (I4.2L we get the conclusion. □ 
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5 Conclusion 


In this paper, the weak convergence of discrete-time equity derivatives pricing model with default risk 
is proved in a no-arbitrage framework. Our results present a mathematical foundation for derivative 
pricing with default risk using numerical method. It remains to study the convergence for the hedging 
strategy. 
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